Abstract. We say that a Cohen-Macaulay local ring has finite CM+-representation type if there exist only finitely many isomorphism classes of indecomposable maximal Cohen-Macaulay modules that are not locally free on the punctured spectrum. In this paper, we consider finite CM+-representation type from various points of view, relating it with several conjectures on finite/countable Cohen-Macaulay representation type. We prove in dimension one that the Gorenstein local rings of finite CM+-representation type are exactly the local hypersurfaces of countable CM-representation type, that is, the hypersurfaces of type (A∞) and (D∞). We also discuss the closedness and dimension of the singular locus of a Cohen-Macaulay local ring of finite CM+-representation type.
Introduction
Cohen-Macaulay representation theory has been studied widely and deeply for more than four decades. The theorems of Herzog [11] in the 1970s and of Buchweitz, Greuel and Schreyer [8] in the 1980s are recognized as one of the most crucial results in this long history of Cohen-Macaulay representation theory. Both are concerned with Cohen-Macaulay local rings of finite/countable CM-representation type, that is, Cohen-Macaulay local rings possessing finitely/infinitely-but-countably many nonisomorphic indecomposable maximal Cohen-Macaulay modules. Herzog proved that quotient singularities of dimension two have finite CM-representation type and that Gorenstein local rings of finite CM-representation type are hypersurfaces. Buchweitz, Greuel and Schreyer proved that the local hypersurfaces of finite (resp. countable) CM-representation type are precisely the local hypersurfaces of type (A n ) with n ≥ 1, (D n ) with n ≥ 4, and (E n ) with n = 6, 7, 8 (resp. (A ∞ ) and (D ∞ )).
This paper introduces another representation type, namely, finite CM + -representation type. We say that a Cohen-Macaulay local ring has finite CM + -representation type if there exist only finitely many isomorphism classes of indecomposable maximal Cohen-Macaulay modules that are not locally free on the punctured spectrum. In this paper, we investigate Cohen-Macaulay local rings of finite CM + -representation type from various viewpoints. To be more precise, several conjectures have been presented so far regarding finite/countable CM-representation type, and we study finite CM + -representation type by relating it to those conjectures. Now, let us state our main results and the organization of this paper. Section 2 is devoted to a couple of preliminary definitions and lemmas, while Section 3 gives precise statements of the conjectures mentioned above and present related questions. Our results are stated in the later sections. In what follows, let R be a Cohen-Macaulay local ring.
In Section 4, we consider the (Zariski-)closedness and (Krull) dimension of the singular locus Sing R of R in connection with the works of Huneke and Leuschke [12, 13] . They proved in [12] that if R has finite CM-representation type, then it has an isolated singularity, i.e., Sing R has dimension at most zero. Also, they showed in [13] that if R is complete or has uncountable residue field, and has countable CMrepresentation type, then Sing R has dimension at most one. In relation to these results, we prove the following theorem, whose second assertion extends the result of Huneke and Leuschke [13] from countable CM-representation type to countable CM + -representation type (i.e., having infinitely but countably many nonisomorphic indecomposable maximal Cohen-Macaulay modules that are not locally free on the punctured spectrum).
There are folklore conjectures that a Gorenstein local ring of countable CM-representation type is a hypersurface, and that, for a Cohen-Macaulay local ring R of countable CM-representation type, CM(R) has dimension at most one. The above theorem gives partial answers to the variants of these folklore conjectures for finite CM + -representation type.
Araya, Iima and Takahashi [1] showed that local hypersurfaces of type (A ∞ ) or (D ∞ ) have finite CM + -representation type. Thus, it is natural to ask whether or not the converse holds true. In Section 6, we give a complete answer to this question in dimension one. Theorem 1.5 (Theorem 6.1). Let R be a homomorphic image of a regular local ring. Suppose that R does not have an isolated singularity but is Gorenstein. If dim R = 1, the following are equivalent.
(1) The ring R has finite CM + -representation type.
(2) There exist a regular local ring S and a regular system of parameters x, y such that R is isomorphic to S/(x 2 ) or S/(x 2 y).
When either of these two conditions holds, the ring R has countable CM-representation type.
In Section 7, we explore the higher-dimensional case, that is, we try to understand the Cohen-Macaulay local rings R of finite CM + -representation type in the case where dim R ≥ 2. We prove the following two results in this section. Theorem 1.6 (Corollary 7.9). Let R be a complete local hypersurface of dimension d ≥ 2 which is not an integral domain. Suppose that R has finite CM + -representation type. Then one has d = 2, and there exist a regular local ring S and elements x, y ∈ S with R ∼ = S/(xy) such that S/(x) and S/(y) have finite CM-representation type and S/(x, y) is an integral domain of dimension 1. Theorem 1.7 (Corollaries 7.11 and 7.12). Let R be a 2-dimensional non-normal Gorenstein complete local ring. Suppose that R has finite CM + -representation type. Then the integral closure R of R has finite CM-representation type. If R is Gorenstein, then R is a hypersurface.
The former theorem gives a strong restriction of the structure of a hypersurface of finite CM + -representation type which is not an integral domain. The latter theorem supports the conjecture that a Gorenstein local ring of finite CM + -representation type is a hypersurface. Note that, under the assumption of the theorem plus the assumption that R is equicharacteristic zero, the integral closure R is a quotient surface singularity by the theorem of Auslander [2] and Esnault [10] .
Preliminaries
This section is devoted to stating our convention, and to recalling the definitions of the notions which repeatedly appear in this paper.
Convention 2.1. Throughout this paper, unless otherwise specified, we adopt the following convention. Rings are commutative and noetherian, and modules are finitely generated. Subcategories are full and strict (i.e., closed under isomorphism). Subscripts and superscripts are often omitted unless there is a risk of confusion. An identity matrix of suitable size is denoted by E. Definition 2.2. Let R be a ring.
(1) An R-module M is maximal Cohen-Macaulay if the inequality depth M p ≥ dim R p holds for all p ∈ Spec R. Hence, by definition, the zero module is maximal Cohen-Macaulay. (2) We denote by mod R the category of (finitely generated) R-modules, and by CM(R) the subcategory of mod R consisting of maximal Cohen-Macaulay R-modules. For a subcategory X of mod R, we denote by ind X the set of isomorphism classes of indecomposable R-modules in X , and by add R X the additive closure of X , that is, the subcategory of mod R consisting of direct summands of finite direct sums of objects in X . (3) A subset S of Spec R is called specialization-closed if V(p) ⊆ S for all p ∈ S. This is equivalent to saying that S is a union of closed subsets of Spec R in the Zariski topology. (4) Let S be a subset of Spec R. Then it is easy to see that sup{dim R/p | p ∈ S} ≥ sup{n ≥ 0 | there exists a chain p 0 p 1 · · · p n in S}, and the equality holds if S is specialization-closed. The (Krull) dimension of a specialization-closed subset S of Spec R is defined as this common number and denoted by dim S. (5) The singular locus of R, denoted by Sing R, is by definition the set of prime ideals p of R such that R p is not a regular local ring. It is clear that Sing R is a specialization-closed subset of Spec R. If R is excellent, then by definition Sing R is a closed subset of Spec R in the Zariski topology. (6) For an m × n matrix A over R, we denote by Cok R A the cokernel of the map R ⊕n → R ⊕m given by x → Ax, and by I s (A) the ideal of R generated by all the s-minors of A. 
Definition 2.3. Let (R, m, k) be a local ring.
(1) For an R-module M , we denote by ν R (M ) the minimal number of generators of M , that is,
Let M an R-module and n ≥ 0 an integer. We denote by Ω n R M (or simply Ω n M ) the n-th syzygy of M , i.e., the image of the n-th differential map in the minimal free resolution of M . This is uniquely determined up to isomorphism. (3) We denote by edim R the embedding dimension of R, and by codepth R the codepth of R, i.e., codepth R = edim R − depth R. We say that R is a hypersurface if codepth R ≤ 1.
The complexity of an R-module M , denoted by cx R M , is defined as the infimum of nonnegative integers n such that there exists a real number r satisfying the inequality β (1) For a subcategory X of mod R we denote by [X ] the smallest subcategory of mod R containing R and X that is closed under finite direct sums, direct summands and syzygies, i.e., [X ] = add R ({R}∪{Ω i X | i ≥ 0, X ∈ X }). When X consists of a single object X, we simply denote it by [X].
(2) For subcategories X , Y of mod R we denote by X • Y the subcategory of mod R consisting of objects M which fit into an exact sequence 0
If C consists of a single object C, then we simply denote it by [C] r . (4) Let X be a subcategory of mod R. We define the dimension of X , denoted by dim X , as the infimum of the integers n ≥ 0 such that X = [G] n+1 for some G ∈ X .
Conjectures and questions
In this section, we present several conjectures and questions which we deal with in later sections. First of all, let us give several definitions of representation types, including that of finite CM + -representation type, which is the main subject of this paper.
Definition 3.1. Let R be a Cohen-Macaulay ring. By CM 0 (R) we denote the subcategory of CM(R) consisting of modules that are locally free on the punctured spectrum of R, and set
♣
For each X ∈ {CM, CM 0 , CM + } we say that R has finite (resp. countable) X-representation type if there exist only finitely (resp. countably) many isomorphism classes of indecomposable modules in X(R). We say that R has infinite (resp. uncountable) X-representation type if R does not have finite (resp. countable) X-representation type. Also, R is said to have bounded X-representation type if there exists an upper bound of the multiplicities of indecomposable modules in X(R), and said to have unbounded X-representation type if R does not have bounded X-representation type.
Let R be a complete local hypersurface with uncountable algebraically closed coefficient field of characteristic not two. Buchweitz Takahashi) . Let R be a complete local hypersurface with uncountable algebraically closed coefficient field of characteristic not two. If R has countable CM-representation type, then the following statements hold.
(1) The ring R has finite CM + -representation type. (2) There is an inequality dim CM(R) ≤ 1.
By definition, there is a strong connection between finite CM + -representation type and finite CMrepresentation type. The first assertion of Theorem 3.2 suggests to us that finite CM + -representation type should also be closely related to countable CM-representation type. Several conjectures have been presented so far concerning finite/countable CM-representation type, and we set the following proposal. Proposal 3.3. One should consider the conjectures on finite/countable CM-representation type for finite CM + -representation type.
♣ The index 0 (resp. +) in CM 0 (R) (resp. CM+(R)) means that it consists of modules whose nonfree loci have zero (resp. positive) dimension.
There has been a folklore conjecture on countable CM-representation type probably since the 1980s. Recently, this conjecture has been studied by Stone [21] . This conjecture holds true if R has finite CM-representation type; see [24, Theorem (8.15) ]. Also, the conjecture holds if R is a complete intersection with algebraically closed uncountable residue field; see [5, Existence Theorem 7.8 ]. The following example shows that the assumption in the conjecture that R is Gorenstein is necessary.
Then S is an (A ∞ )-singularity of dimension 2, and has countable CM-representation type by [8, Theorem B] . Let R be the second Veronese subring of S, that is,
Then R is a Cohen-Macaulay non-Gorenstein local ring of dimension 2. We claim that R has countable CM-representation type. Indeed, let N 1 , N 2 , . . . be the non-isomorphic indecomposable maximal Cohen-Macaulay S-modules. Let M be an indecomposable maximal CohenMacaulay R-module. Then N = Hom R (S, M ) is a maximal Cohen-Macaulay S-module, and one can write
Since R is a direct summand of S, the module M is a direct summand of N , and hence it is a direct summand of N ai for some i. The claim follows from this.
Combining Conjecture 3.4 with Proposal 3.3 gives rise to the following question. Question 3.6. Let R be a Gorenstein local ring which is not an isolated singularity. Suppose that R has finite CM + -representation type. Then is R a hypersurface?
Here, the assumption that R is not an isolated singularity is necessary. Indeed, if R is an isolated singularity, then # ind CM + (R) = 0 < ∞. We shall give answers to Question 3.6 in Sections 5 and 7.
Theorem 3.2(2) leads us to the following conjecture.
Conjecture 3.7. Let R be a Cohen-Macaulay local ring R of countable CM-representation type. Then there is an inequality dim CM(R) ≤ 1.
This conjecture holds true if R has finite CM-representation type; see [15, Proposition 3.7(1) ]. Let R be a Gorenstein local ring. Then the stable category CM(R) of CM(R) is a triangulated category, and one can consider the (Rouquier) dimension dim CM(R) of CM(R); we refer the reader to [19] for the details. One has dim CM(R) ≤ dim CM(R) with equality if R is a hypersurface; see [15, Proposition 3.5] . There seems to be a folklore conjecture asserting that every (noncommutative) selfinjective algebra Λ of tame representation type satisfies the inequality dim(mod Λ) ≤ 1. So Conjecture 3.7 is thought of as a Cohen-Macaulay version of this folklore conjecture. Combining Conjecture 3.7 with Proposal 3.3 leads us to the following question. Indeed, the assumption that R is excellent is unnecessary; see [22, Theorem 2.4] . This result naturally makes us have the following question. We shall give a complete answer to this question in the next Section 4. In fact, we can even prove a stronger statement.
The closedness and dimension of the singular locus
In this section, we discuss the structure of the singular locus of a Cohen-Macaulay local ring of finite CM + -representation type. First, we consider what the finiteness of the singular locus means.
Lemma 4.1. Let R be a local ring with maximal ideal m. The following are equivalent.
(1) Sing R is a finite set.
(2) Sing R is a closed subset of Spec R in the Zariski topology, and has dimension at most one.
Proof. (2) =⇒ (1): We find an ideal I of R such that Sing R = V(I). As Sing R has dimension at most one, so does the local ring R/I. Hence Spec R/I = Min R/I ∪ {m/I}, and this is a finite set.
(1) =⇒ (2): Write Sing R = {p 1 , . . . , p n }. As Sing R is specialization-closed, it coincides with the finite union V(p 1 ) ∪ · · · ∪ V(p n ) of closed subsets of Spec R. Hence Sing R is closed.
To show the other assertion, we claim (or recall) that a local ring R of dimension at least two possesses infinitely many prime ideals of height one. Indeed, for any x ∈ m we have ht(x) ≤ 1 by Krull's principal ideal theorem, that is, (x) is contained in some prime ideal p with ht p ≤ 1. This argument shows that m = p∈Spec R, ht p≤1 p. Now suppose that there exist only finitely many prime ideals of R having height one. Then, since the number of the minimal primes is finite, so is the number of prime ideals of height at most one. Therefore the above union is finite, and by prime avoidance m is contained in some p ∈ Spec R with ht p ≤ 1. This implies dim R ≤ 1, which is a contradiction. Thus the claim follows. Now, assume that Sing R has dimension at least 2. Then dim R/p ≥ 2 for some p ∈ Sing R. The above claim shows that the ring R/p has infinitely many prime ideals of height one, which have the form q/p with q ∈ V(p). Then q is also in Sing R, and hence Sing R contains infinitely many prime ideals. This contradiction shows that the dimension of Sing R is at most 1.
The following theorem clarifies a close relationship between finite/countable CM + -representation type and finiteness/countablity of the singular locus. Theorem 4.2. If R is a Cohen-Macaulay local ring of finite (resp. countable) CM + -representation type, then Sing R is a finite (resp. countable) set.
Proof. First, let us consider the case where R has finite CM + -representation type. Write ind CM + (R) = {G 1 , . . . , G t }, and pick p ∈ Sing R\{m}.
, which is killed by p. Hence p is contained in the annihilator. Also, T p is isomorphic to Tor Rp 1+2d (κ(p), κ(p)), which does not vanish as p belongs to the singular locus. Hence p is in the support of T , and contains the annihilator. Now the claim follows.
Note that C p is stably isomorphic to Ω d Rp (κ(p)), which is not R p -free since R p is singular. This means that C belongs to CM + (R), and we get an isomorphism C ∼ = G ⊕a1 l1 ⊕ · · · ⊕ G ⊕as ls ⊕ H with s ≥ 1 and 1 ≤ l 1 < · · · < l s ≤ t and a 1 , . . . , a s ≥ 1 and H ∈ CM 0 (R). It is easy to see that
Since a prime ideal is irreducible in general, p coincides with one of the annihilators in the right-hand side. The module H is locally free on the punctured spectrum, and ann R Tor R 1 (H, M ) contains a power of m. As p is a nonmaximal prime ideal, it cannot coincide with ann R Tor R 1 (H, M ). We thus have p = ann R Tor R 1 (G lp , G lq ) for some p, q. This shows that we have only finitely many such prime ideals p. Consequently, Sing R \ {m} is a finite set, and so is Sing R.
We can analogously deal with the case where R has countable CM + -representation type. In this case, we can write ind CM + (R) = {G 1 , G 2 , G 3 , . . . }, and for each p ∈ Sing R \ {m} there exist p, q such that p = ann R Tor R 1 (G lp , G lq ). Theorem 4.2 yields the following corollary, which gives a complete answer to Question 3.10. We should remark that the second assertion of the corollary highly refines Theorem 3.9 due to Huneke and Leuschke. (1) If R has finite CM + -representation type, then Sing R is closed and has dimension at most one.
(2) Suppose that R has countable CM + -representation type.
(a) If k is uncountable, then Sing R has dimension at most one.
(b) If R is complete, then Sing R is closed and has dimension at most one.
Proof.
(1) The assertion follows from Theorem 4.2 and Lemma 4.1.
(2) Theorem 4.2 implies that Sing R is a countable set. Note that Sing R is specialization-closed. If R is complete or k is uncountable, then we can apply [22, Lemma 2.2] to deduce that dim R/p ≤ 1 for all p ∈ Sing R. In case R is complete, Sing R is closed as well since R is excellent.
Next we investigate the relationship of finite CM + -representation type with localization of the base ring at a prime ideal. For this, we establish two lemmas.
Lemma 4.4. Let R be a local ring. Let M, N, C be R-modules. Suppose that the endomorphism ring End R (C) is isomorphic to R, and that C is not a direct summand of
Proof. Without loss of generality, we can assume a ≥ b. Taking the completions, we get isomorphisms
Since R is a local ring, C is an indecomposable R-module.
Since R is henselian, we can apply the Krull-Schmidt theorem to deduce that X ∼ = Y and c
, and we obtain
where 
Remark 4.6. Recall that an R-module C is semidualizing if the natural map R → End R (C) is an isomorphism and Ext i R (C, C) = 0 for all i > 0. Lemma 4.5(2) can be extended to semidualizing modules, that is, the following statement holds: Let R be a Cohen-Macaulay local ring and M, N maximal CohenMacaulay R-modules. If a semidualizing R-module C is a direct summand of M ⊕ N , then C is a direct summand of either M or N . This is shown just by replacing ω with C in the proof of Lemma 4.5(2). Now we can prove the following theorem, which says that finite CM + -representation type implies finite CM-representation type on the punctured spectrum. This especially shows that finite CM + -representation type localizes, which should be compared with the result of Huneke and Leuschke [13, Theorem 2.1] asserting that countable CM-representation type localizes under the same assumption as in this theorem. This is also connected with the conjecture that a Cohen-Macaulay local ring with an isolated singularity having countable CM-representation type has finite CM-representation type [13, Page 3006].
Theorem 4.7. Let (R, m) be a Cohen-Macaulay local ring with a canonical module ω. Suppose that R has finite CM + -representation type. Then R p has finite CM-representation type for all p ∈ Spec R \ {m}.
Proof. Assume that there exists a prime ideal p = m such that R p has infinite CM-representation type. Then the set ind CM(R p ) \ {ω p } is infinite, and we can take an infinite subset
Fix a module N ∈ N . Then we can choose an R-module L such that N ∼ = L p . Take a maximal Cohen-Macaulay approximation of L over R, that is, a short exact sequence 
for some n ≥ 0. The exact sequence σ p splits, and we get an isomorphism
with l i ≥ 0 an integer and Z i not containing ω p as a direct summand; then Z i is a maximal Cohen-Macaulay R p -module. We get an isomorphism
Then so are N and ω p , and we have N ∼ = R p ∼ = ω p , which contradicts the choice of N . Hence (X 1 ) p is not R p -free, which implies that
Thus we have shown that for each integer i ≥ 1 there exist an integer n i ≥ 0 and a module
, and by Lemma 4.4 we see that N i ∼ = N j (and n i = n j ), contrary to the choice of N . Hence C i C j for all i = j, and we conclude that R has infinite CM + -representation type. This contradiction completes the proof of the theorem. (1) we proved that the singular locus of a Cohen-Macaulay local ring of finite CM + -representation type has dimension at most one. As an application of Theorem 4.7, we can get another proof of this statement under the assumption that R admits a canonical module.
Let R be a d-dimensional Cohen-Macaulay local ring with a canonical module, and suppose that R has finite CM + -representation type. Then R p has finite CM-representation type for all nonmaximal prime ideals p of R by Theorem 4.7. In particular, R p has an isolated singularity for all such p by [12, Corollary 2] . This implies that R q is a regular local ring in codimension d − 2, and therefore dim Sing R ≤ 1.
Necessary conditions for finite CM + -representation type
In this section, we explore necessary conditions for a Cohen-Macaulay local ring to have finite CM + -representation type. For this purpose we begin with stating and showing a couple of lemmas.
Lemma 5.1. Let R be a local ring.
(1) The subcategory of mod R consisting of periodic modules is closed under finite direct sums: if the R-modules M 1 , . . . , M n are periodic, then so is
(1) We have only to show the assertion for n = 2. Let
2) It suffices to show the statement when n = 3. Suppose that M 2 , M 3 have complexity at most r. Then we find p, q ∈ R >0 such that β
Therefore we obtain cx R (M 3 ) ≤ r. The other cases are handled similarly.
Let R be a local ring. A subcategory X of mod R is called resolving if X contains R and closed under
• direct summands: if X ∈ X and M ∈ mod R is a direct summand of X, then M ∈ X ;
Typical examples of resolving subcategories of mod R are CM(R) and CM 0 (R).
The subcategory CM + (R) of mod R is stable under syzygies.
Lemma 5.2. Let R be a local ring. Let 0 → N → F → M → 0 be an exact sequence in mod R such that F is free and M is maximal Cohen-Macaulay. Then M belongs to CM + (R) if and only if so does N .
Proof. Note that all the modules N, F, M are maximal Cohen-Macaulay. Hence the assertion is equivalent to saying that M belongs to CM 0 (R) if and only if so does N . The "if" part follows from the fact that CM 0 (R) is resolving. To show the "only if" part, assume that N is in CM 0 (R). Let p be a nonmaximal prime ideal of R. Then N p is R p -free, and we see that the R p -module M p has projective dimension at most 1. Note that M p is maximal Cohen-Macaulay over R p . The Auslander-Buchsbaum formula implies that M p is free. Hence M is in CM 0 (R).
We state some containments among indecomposable maximal Cohen-Macaulay modules over CohenMacaulay local rings, one of which is a homomorphic image of the other. Proposition 5.3. Let R be a Cohen-Macaulay local ring of dimension d. Let I be an ideal of R such that R/I is a maximal Cohen-Macaulay R-module. Then the following statements hold.
Proof. Let M be an indecomposable maximal Cohen-Macaulay R/I-module. The definition of indecomposability says M = 0. The equalities depth M = dim R/I = dim R imply M is a maximal CohenMacaulay R-module. It is directly checked that M is indecomposable as an R-module. Now (1) follows.
Let p be a prime ideal of R such that
Let us consider the case where M is in CM + (R/I). Then there is a prime ideal q of R with I ⊆ q = m such that M q is not (R/I) q -free. Letting p := q in the above argument, we observe that M q is not R q -free (note that the zero module is free). Thus M is in CM + (R), and (2) follows.
Next we consider the case where M is in CM 0 (R). As dim M = dim R/I = d > 0, there is a nonmaximal prime ideal r of R such that M r = 0. Letting p := r in the above argument, we have IR r = 0. Hence r is not in the support of the R-module I, which is equivalent to saying that r does not contain (0 : I). On the other hand, r is in the support of the R-module M , which implies that r contains I. Thus V(I) is not contained in V(0 : I). We now observe that (3) holds.
The lemma below says finite CM-representation type is equivalent to finite CM 0 -representation type.
Lemma 5.4. Let R be a Cohen-Macaulay local ring. If R has infinite CM-representation type, then R has infinite CM 0 -representation type.
Proof. Suppose that R has finite CM 0 -representation type. Then by [15, Corollary 1.2] it is an isolated singularity. Hence CM(R) = CM 0 (R), and we have ind CM(R/I) = ind CM 0 (R/I), which is a finite set. This contradicts the assumption that R has infinite CM-representation type. Now we can prove the first main result of this section, which gives various necessary conditions for a Cohen-Macaulay local ring to have finite CM + -representation type.
Theorem 5.5. Let R be a Cohen-Macaulay local ring of dimension d > 0. Let I be an ideal of R, and assume that R/I is a maximal Cohen-Macaulay R-module. Then R has infinite CM + -representation type in each of the following cases.
(1) R/I has infinite CM + -representation type. (2b) In view of (2a), we may assume that R/I has finite CM-representation type. It follows from [12, Corollary 2] that R/I is an isolated singularity. As d ≥ 2, the ring R/I is a (normal) domain. Hence p := I is a prime ideal of R. As dim R/p = d, the prime ideal p is minimal. The assumption V(p) ⊆ V(0 : p) implies (0 : R p) ⊆ p. Localizing this inclusion at p, we get an inclusion (0 : Rp pR p ) ⊆ pR p , which particularly says that R p is not a field. Therefore p belongs to Sing R.
Suppose that R has finite CM + -representation type. Then Corollary 4.3(1) implies that Sing R has dimension at most one. In particular, we obtain d = dim R/p ≤ 1, which is a contradiction. Consequently, R has infinite CM + -representation type.
(3) We find a nonmaximal prime ideal p of R that contains the ideal I + (0 : I). Then, as p contains I, the prime ideal p/I of R/I is defined, which is not maximal. Also, since p contains (0 : I) as well, we see that IR p is a nonzero proper ideal of R p .
We establish several claims.
Proof of Claim. Proposition 5.3(1) implies M ∈ ind CM(R). There exists an integer n ≥ 0 such that
Since M p is nonzero, we have to have n > 0. Since IR p is a nonzero proper ideal of R p , we have that M p is not a free R p -module. We now conclude that M belongs to ind CM + (R).
⊕n . As n > 0 and IR p is a proper ideal, the module N p is nonzero. Since R/I is Gorenstein and CM 0 (R/I) is a resolving subcategory of mod R/I, the module N also belongs to ind CM 0 (R/I); see [24, Lemma (8.17) ]. Using Claim 1 again, we obtain N ∈ ind CM + (R).
Claim 3.
There is an inclusion {M ∈ ind CM 0 (R/I) | M has a rank as an R/I-module} ⊆ ind CM + (R).
Proof of Claim. Take M from the left-hand side. Since the R/I-module M is maximal Cohen-Macaulay, its annihilator has grade 0. Hence M has positive rank, and we see that Supp R/I M = Spec R/I. Therefore M p = M p/I is nonzero. It follows from Claim 1 that M belongs to ind CM + (R).
(3a) Suppose that R has finite CM + -representation type, namely, ind CM + (R) is a finite set. Lemma 5.4 guarantees that the set ind CM 0 (R/I) is infinite, and hence the set difference
is infinite as well. Thus we can choose a (countably) infinite subset {M 1 , M 2 , M 3 , . . . } of S. By Claim 2 we see that Ω R/I M i belongs to ind CM + (R) for all i. Note that Ω R/I M i ∼ = Ω R/I M j for all distinct i, j since R/I is Gorenstein and M i , M j are maximal Cohen-Macaulay over R/I. It follows that ind CM + (R) is an infinite set, which is a contradiction. Thus R has infinite CM + -representation type.
(3b) Since R/I is a domain, every R/I-module has a rank. Claim 3 implies that ind CM 0 (R/I) is contained in ind CM + (R), while ind CM 0 (R/I) is an infinite set by Lemma 5.4. It follows that R has infinite CM + -representation type.
(3c) Note that CM(R/I) = CM 0 (R/I). Since R/I is analytically unramified, it follows from [17, Theorem 4.10] that the left-hand side of the inclusion in Claim 3 is infinite, and so is the right-hand side ind CM + (R), that is, R has infinite CM + -represenation type.
(3d) Since k is infinite and R/I is equicharacteristic, we can apply [17, Theorem 17.10 ] to deduce that if R/I has unbounded CM-representation type, then the left-hand side of the inclusion in Claim 3 is infinite (as R/I is reduced), and we are done. Hence we may assume that R/I has bounded CM-representation type. By [17, Theorems 10.1 and 17.10] the completion R/I has infinite and bounded CM-representation type. According to [17, Theorem 17.9] , the ring R/I is isomorphic to one of the following three rings. , and these are nonisomorphic indecomposable maximal Cohen-Macaulay R/I-modules of rank 1. Again, the left-hand side of the inclusion in Claim 3 is infinite, and the proof is completed.
Two irreducible elements p, q of an integral domain R are said to be distinct if pR = qR. Applying our Theorem 5.5, we can obtain the following corollary, which is a basis in the next Section 6 to obtain a stronger result (Theorem 6.1).
Corollary 5.6. Let (S, n) be a regular local ring of dimension two. Take an element 0 = f ∈ n and set R = S/(f ). Suppose that R is not an isolated singularity but has finite CM + -representation type. Then f has one of the following forms:
, . . . , p n are distinct irreducible elements and n, a 1 , . . . , a n are positive integers. If a 1 = · · · = a n = 1, then R is reduced, and hence it is an isolated singularity, which is a contradiction. Thus we may assume a 1 ≥ 2.
Put
and hence ht((x) + (0 : x)) = 0 < 1. Taking advantage of Theorem 5.5(3a), we observe that R/(x) has finite CM-representation type. Also, R/(x) = S/(p 1 · · · p n ) has multiplicity at least n. By [17, Theorem 4.2 and Proposition 4.3] we see that n ≤ 3. Assume either a 1 ≥ 3 or a l ≥ 2 for some l ≥ 2, say l = 2. Then put
and hence ht((x) + (0 : x)) = 0 < 1. The ring R/(x) = S/(p 2 1 p 2 · · · p n ) is not reduced, so it is not an isolated singularity. By [12, Corollary 2] , it has infinite CM-representation type. Theorem 5.5(3a) implies that R has infinite CM + -representation type, which is a contradiction. Thus a 1 = 2 and a 2 = · · · = a n = 1.
Getting toghther all the above arguments completes the proof of the corollary.
To give applications of Theorem 5.5, we establish a lemma.
Lemma 5.7. Let R be a Gorenstein local ring of finite CM + -representation type. Then for all M ∈ ind CM + (R) one has cx R M = 1.
Proof. As R is Gorenstein, Ω i M ∈ ind CM + (R) for all i ≥ 0 by Lemma 5.2 and [24, Lemma 8.17] . Since ind CM + (R) is a finite set, Ω t M is periodic for some t ≥ 0. Hence M has complexity at most one. As M is in CM + (R), it has to have infinite projective dimension. Thus the complexity of M is equal to one.
Let R be a ring. We denote by D sg (R) the singularity category of R, that is, the Verdier quotient of the bounded derived category of finitely generated R-modules by perfect complexes. For an R-module M , we denote by NF R (M ) the nonfree locus of M , that is, the set of prime ideals p of R such that M p is nonfree as an R p -module. Now we prove the following result by using Theorem 5.5.
Theorem 5.8. Let R be a Cohen-Macaulay local ring of dimension d > 0. Let I be an ideal of R with V(I) ⊆ V(0 : I), and assume that R/I is a maximal Cohen-Macaulay R-module. Suppose that R has finite CM + -representation type. Then: The above theorem gives rise to the two corollaries below. Note that the theorem and the two corollaries all give answers to Questions 3.6 and 3.8. Proof. Since R does not have an isolated singularity, Sing R contains a nonmaximal prime ideal p. It is easy to see that (R/p) p = κ(p) is not R p -free, and we also have V(p) = {p, m} ⊆ Supp R (p) = V(0 : p) as pR p = 0. Lemma 5.7 implies that the R-module R/p has complexity at most 1, and the local ring R is a hypersurface by virtue of Theorem 5.8(3).
The one-dimensional hypersurfaces of finite CM + -representation type
The purpose of this section is to prove the following theorem.
Theorem 6.1. Let R be a homomorphic image of a regular local ring. Suppose that R does not have an isolated singularity but is Gorenstein. If dim R = 1, then the following are equivalent.
In fact, the last assertion and the implication ( (2) is an immediate consequence of the combination of Corollaries 5.6, 5.10 with Theorems 6.5, 6.11, 6.12 shown in this section. Note by Theorem 3.2 that the above theorem guarantees that under the assumption that R is a complete Gorenstein local ring of dimension one, Question 3.8 has an affirmative answer.
We establish three subsections, whose purposes are to prove Theorems 6.5, 6.11 and 6.12, respectively.
The hypersurface S/(p 2 ). For a ring A we denote by NZD(A) the set of non-zerodivisors of A, and by Q(A) the total quotient ring A NZD(A) of A. A ring extension A ⊆ B is called birational if B ⊆ Q(A).
Lemma 6.2. Let A ⊆ B be a birational extension. Let M be a B-module which is torsion-free as an A-module. If M is indecomposable as a B-module, then M is indecomposable as an A-module as well.
Proof. Write M = K ⊕ L in mod A. Let b ∈ B and x ∈ K. Then the element bx ∈ M is defined as M is a B-module, and there are elements y ∈ K and z ∈ L such that bx = y + z in M . Since b ∈ B ⊆ Q(A), we have b = a s for some a ∈ A and s ∈ NZD(A). We get ax = sbx = sy + sz, and ax − sy = sz ∈ K ∩ L = 0. Hence sz = 0, and z = 0 as L is torsion-free over A. Therefore bx = y ∈ K. Thus K is a B-submodule of M , and similarly so is L. The indecomposability of M over B shows that either K or L is zero. 
Since M is in CM + (B), there is a minimal prime P of B such that M P is not B P -free. Note that M P = (M ⊗ B Q) ⊗ Q Q P and Q P = B P . Hence M ⊗ B Q is not Q-projective, and we obtain End Q (M ⊗ B Q) = 0. Therefore End A (M ) ⊗ A Q is nonzero, which means that the A-module End A (M ) is not torsion. Thus Supp A (End A (M )) contains a minimal prime of A, which implies that M belongs to CM + (A). Consequently, we obtain M ∈ ind CM + (A), and the lemma follows.
The following lemma is a consequence of [24, Corollary 7.6], which is used not only now but also later.
Lemma 6.4. Let (S, n) be a regular local ring and x ∈ n, and set R = S/(x). Then {M ∈ CM(R) | M is cyclic}/∼ = = {R/yR | y ∈ S with x ∈ yS}/∼ = .
In particular, there exist only finitely many nonisomorphic indecomposable cyclic maximal CohenMacaulay R-modules. Now we can achieve the purpose of this subsection.
Theorem 6.5. Let (S, n) be a regular local ring of dimension two, and let p ∈ n 2 be an irreducible element. Then R = S/(p 2 ) has infinite CM + -representation type.
Proof. Take any element t ∈ n that is regular on R. We consider the S-algebra T = S[z]/(tz − p, z 2 ), where z is an indeterminate over S. We establish two claims.
Claim 1. The ring T is a local complete intersection of dimension 1 and codimension 2 with t being a system of parameters.
Proof of Claim. It is clear that T = S[[z]]/(tz − p, z
2 ), which shows that T is a local ring, and dim
. As S/(t, p) is artinian, so is T /tT . Hence dim T = 1 and t is a system of parameters of T , and thus T is a complete intersection (the equalities dim S[[z]] = 3 and dim T = 1 imply ht(tz −p, z 2 ) = 2, whence tz − p, z 2 is a regular sequence). As (tz − p, z 2 ) ⊆ n 2 , the local ring T has codimension 2.
Claim 2. The ring R is naturally embedded in T , and this embedding is a finite birational extension.
Proof of Claim. Let φ : S → T be the natural map and put I = Ker φ. As p 2 = t 2 z 2 = 0 in T , we have (p 2 ) ⊆ I. Hence the map φ factors as S R S/I → T . It is seen that T is an R-module generated by 1, z and S/I is an R-submodule of T . Since T has positive depth by Claim 1, so does S/I. Thus S/I is a maximal Cohen-Macaulay cyclic module over the hypersurface R, and Lemma 6.4 implies that I coincides with either (p) or (p 2 ). If I = (p), then T = T /pT = S[z]/(tz, p, z 2 ), which contradicts the fact following from Claim 1 that t is T -regular. We get I = (p 2 ), which means the map R → T is injective. Let C be the cokernel of the injection R → T . Then C is generated by z as an R-module. Note that tz = p = 0 in C. Hence C is a torsion R-module, which means
is an isomorphism, while the natural map T → T ⊗ R Q(R) is injective as T is maximal Cohen-Macaulay over R by Claim 1. Thus the embedding R → T is birational.
By Claim 1, the ring T is a complete intersection, which implies that the element z 2 is regular on the ring S[z]/(tz − p) and so is z. It is easy to check that (0 : T z) = zT . Claim 1 also guarantees that T is not a hypersurface. It follows from Corollary 5.9 that T has infinite CM + -representation type. Combining Claim 2 with Lemma 6.3, we obtain the inclusion ind CM + (T ) ⊆ ind CM + (R). We now conclude that R has infinite CM + -representation type, and the proof of the theorem is completed.
The hypersurface S/(p 2 qr).
Setup 6.6. Throughout this subsection, let (S, n) be a 2-dimensional regular local ring and p, q, r pairwise distinct irreducible elements of S. Let R = S/(p 2 qr) be a local hypersurface of dimension 1. Setting p = pR, q = qR, r = rR and m = nR, one has Spec R = {p, q, r, m}. For each i ≥ 1 we define matrices
(2) For all positive integers i = j, one has M i M j and N i N j as R-modules.
Proof. (1) It is clear that
give a matrix factorization of p 2 qr over S, and we have [24, Chapter 7] . Note that q, r are units and
where all the cokernels are over R p . Therefore M i ∈ CM + (R), and we get N i ∈ CM + (R) by Lemma 5.2.
(2) Suppose that there is an R-isomorphism M i ∼ = M j . It then holds that Fitt 2 (M i ) = Fitt 2 (M j ), which means (p, r i )R = (p, r j )R. This implies that (r i ) = (r j ) in the integral domain R/p = S/(p). Since r = 0 in this ring, we get i = j. (1), and we get i = j.
Lemma 6.8. There is an equality
Proof. Let M be a cyclic R-module with M ∈ CM + (R). It follows from Lemma 6.4 that M is isomorphic to R/f R for some element f ∈ S which divides p 2 qr in S. The localizations R q , R r are fields, and hence M p is not R p -free. As
, it is observed that f ∈ pS \ p 2 S. Thus f ∈ {p, pq, pr, pqr}. Conversely, for any g ∈ {p, pq, pr, pqr} we have (R/gR) p ∼ = κ(p) and get R/gR ∈ CM + (R). . In S we have pa + r i b = pqc and pb = pqd for some c, d ∈ S, and get b = qd and pa + r i qd = pqc. Hence pa ∈ qS ∈ Spec S and a ∈ qS; we find e ∈ S with a = qe. Then pqe+r i qd = pqc, and pe+r i d = pc. Therefore r i d ∈ pS ∈ Spec S, and d ∈ pS; we find f ∈ S with d = pf and get b = qpf . In T ⊕2 we have ( 
gives a minimal free resolution of the T -module C. Now, assume that S/(p) = T /pT is a direct summand of C. Then C ∼ = T /pT ⊕ T /I for some ideal I of T . There are equalities of Betti numbers
and we get β T 1 (T /I) = 1. This means I is a nonzero proper principal ideal of T ; we write I = gT where g is a nonzero nonunit of T . The uniqueness of a minimal free resolution yields a commutative diagram
whose vertical maps are isomorphisms. As s, t are isomorphisms, their determinants s 1 s 4 − s 2 s 3 and t 1 t 4 − t 2 t 3 are units of T . The commutativity of the diagram shows s 3 p = pt 3 and t 3 q = 0 in T , which imply s 3 − t 3 ∈ (0 : T p) = qT and t 3 ∈ (0 : T q) = pT . Hence s 3 is a nonunit of T , and therefore s 1 , s 4 are units of T . Again from the commutativity of the diagram we get s 4 g = pt 4 and s 2 g = pt 2 + r i t 4 in T , which give p(s 2 s −1 4 t 4 − t 2 ) = r i t 4 . Hence r i t 4 ∈ pT ∈ Spec T and t 4 ∈ pT . We now get t 1 t 4 − t 2 t 3 is in pT , which contradicts the fact that it is a unit of T . Consequently, S/(p) is not a direct summand of C. 
is exact, which gives a minimal free resolution of the T -module C. This implies pd R C = 1. Suppose that S/(p) = T /pT is a direct summand of C. Then T /pT has projective dimension at most one, which contradicts the fact that its minimal free resolution is · · · (i) If X ∈ CM + (R) is a cyclic direct summand of M n , then X is isomorphic to R/(pqr).
(ii) If Y ∈ CM + (R) is a cyclic direct summand of N n , then Y is isomorphic to R/(pqr).
(1) The factoriality of S shows that pS is a prime ideal of S. As pS = qS, we have ht(p, q)S > ht pS = 1. Since S has dimension two, the ideal (p, q)S is n-primary. Thus S/(p, q)S is an artinian ring.
(2i) There is an R-module Z such that M n ∼ = X ⊕Z. According to Lemma 6.8, it holds that X ∼ = R/(f ) for some f ∈ {p, pq, pr, pqr}. There are isomorphisms
Taking the completions and using the Krull-Schmidt property and [9, Exercise 7.5], we observe that the ideal (f, r)R coincides with either (p, r)R or rR. Hence f = pq. Similarly, there are isomorphisms
The assumption n ≥ (S/(p, q)) implies r n ∈ n n ⊆ (p, q)S. We observe from this that Cok R/(q)
0 p , and obtain an isomorphism R/(f, q)⊕Z/qZ ∼ = R/(q)⊕(R/(p, q)) ⊕2 . It follows that (f, q)R coincides with either qR or (p, q)R, which implies f = pr. Finally, consider the isomorphisms
and we see that this is a direct summand of Cok R/(pq) p r n 0 p , which contradicts Lemma 6.9. Thus f = p, and we conclude that f = pqr.
(2ii) We go along the same lines as the proof of (2i). We have N n ∼ = Y ⊕ Z for some Z ∈ mod R, and get Y ∼ = R/(f ) for some f ∈ {p, pq, pr, pqr} by Lemma 6.8. The isomorphisms
show that (f, q) (resp. (f, r)) coincides with either (p, q) or (q) (resp. either (p, r) or (r)), which implies f = pq, pr. We also have isomorphisms
Using Lemma 6.9, we see that f = p, and obtain f = pqr.
The purpose of this subsection is now fulfilled. Theorem 6.11. Let S be a regular local ring of dimension two. Let p, q, r be distinct irreducible elements of S. Then R = S/(p 2 qr) has infinite CM + -representation type.
Proof. We assume that R has finite CM + -representation type, and derive a contradiction. It follows from Lemma 6.7(1) that there exists an integer a ≥ 1 such that both M i and N i are decomposable for all i ≥ a; we write
In view of Lemmas 6.4 and 6.7(2), we see that there exists an integer b ≥ a such that Y h is indecomposable for all h ≥ b and that Y i Y j for all i, j ≥ b with i = j. Then, we have to have Y i ∈ CM 0 (R) for all i ≥ b, and hence X i ∈ CM + (R) for all i ≥ b (by Lemma 6.7(1)). Putting c = max{b, (S/(p, q))} and applying Lemma 6.10(2i), we obtain that X i is isomorphic to R/(pqr) for all i ≥ c. There are isomorphisms
where the first isomorphism follows from Lemma 6.7(1). Since R/(p) is in CM + (R), it follows from Lemma 6.10(2ii) that R/(p) ∼ = R/(pqr), which is absurd.
6.3. The hypersurface S/(p 2 q). The goal of this subsection is to prove the following theorem.
Theorem 6.12. Let (S, n) be a 2-dimensional regular local ring. Let p, q be distinct irreducible elements of S. Suppose that R = S/(p 2 q) has finite CM + -representation type. Then p, q / ∈ n 2 .
Note that the rings R and R/p 2 R are local hypersurfaces of dimension one. If p ∈ n 2 , then R/p 2 R = S/(p 2 ) has infinite CM + -representation type by Theorem 6.5, and so does R by Theorem 5.5(1), which contradicts the assumption of the theorem. Hence p / ∈ n 2 , and p is a member of a regular system of parameters of S. Thus we establish the following setting. Setup 6.13. Throughout the remainder of this subsection, let (S, n) be a regular local ring of dimension two. Let x, y be a regular system of parameters of S, namely, n = (x, y). Let h ∈ n 2 be an irreducible element, and write h = x 2 s + xyt + y 2 u with s, t, u ∈ S. Let R = S/(x 2 h) be a local hypersurface of dimension one. One has Spec R = {p, q, m}, where we set p = xR, q = hR and m = nR. For each integer i ≥ 1 we define matrices
In what follows, we argue along similar lines as in the previous subsection.
Lemma 6.14 (cf. Lemma 6.7). (1) Let i ≥ 1 be an integer. The modules M i and N i belong to CM + (R), and it holds that
The matrices A i , B i give a matrix factorization of x 2 h over S. We have that M i , N i are maximal Cohen-Macaulay R-modules with Ω R M i = N i and Ω R N i = M i . Note that y, h are units and
which shows that M i ∈ CM + (R), and Lemma 5.2 implies
j )R, and (y i ) = (y j ) in the discrete valuation ring R/xR = S/(x) with y a uniformizer, which implies i = j. As N i , N j are the first syzygies of M i , M j by (1), we see that if N i ∼ = N j , then i = j.
Lemma 6.15 (cf. Lemma 6.8). It holds that
Proof. It is easy to see that neither (R/(x)) p nor (R/(xh)) p is R p -free. Let M ∈ CM + (R) be cyclic. As R q is a field, M p is not R p -free. Using Lemma 6.4, we get M ∼ = R/f R for some f ∈ S with f | x 2 h, x | f and x 2 f . Hence, either f = x or f = xh holds.
Lemma 6.16 (cf. Lemma 6.10). Let i ≥ 1 be an integer. Let C be a cyclic R-module with C ∈ CM + (R). If C is a direct summand of either M i or N i , then C is isomorphic to R/(xh).
(1) First, consider the case where C is a direct summand of M i . Assume that C is not isomorphic to R/(xh). Then C ∼ = R/(x) by Lemma 6.15. Application of the functor − ⊗ R R/(xy) shows that
As (x) = (xy, xh), we have R/(x) R/(xy, xh) and hence R/(x) is a direct summand of Cok R/(xy)
Note that R/(xy) = S/(x 2 h, xy) = S/(x 2 (x 2 s + xyt + y 2 u), xy) = S/(x 4 s, xy). Put T := R/(xy, x 4 ) = S/(x 4 , xy). Applying the functor − ⊗ R R/(x 4 ), we see that T /(x) = R/(x) is a direct summand of
It is easy to verify that the sequence
is exact, and we observe D ∼ = T /(v) for some v ∈ T . Uniqueness of a minimal free resolution gives rise to a commutative diagram
with vertical maps being isomorphisms. The elements a 1 a 4 − a 2 a 3 and
It follows that (x 3 ) = (x 3 , y) in T , which is a contradiction. Consequently, C is isomorphic to R/(xh). (2) Next we consider the case where C is a direct summand of N i . The proof is analogous to that of (1). Again, assume C R/(xh). Then C ∼ = R/(x) by Lemma 6.15. Set T := R/(xh) = S/(xh). Applying − ⊗ R T , we see that R/(x) = T /(x) is a direct summand of
There are an isomorphism 
Lemma 6.17 (cf. Theorem 6.11). The ring R has infinite CM + -representation type.
Proof. Assume contrarily that R has finite CM + -representation type. Then, by (1) and (2) of Lemma 6.14, there exists an integer a ≥ 1 such that M i is decomposable for all integers i ≥ a. Suppose that for some i ≥ 1 the module M i has a cyclic direct summand C ∈ CM + (R). Then C is isomorphic to R/(xh) by Lemma 6.16, and Ω R C = R/(x) is a direct summand of Ω R M i = N i by Lemma 6.14(1). Applying Lemma 6.16 again, we have to have R/(x) ∼ = R/(xh), which is a contradiction.
Thus M i has no cyclic direct summand belonging to CM + (R) for all i ≥ 1. This means that for every i ≥ a the R-module M i has an indecomposable direct summand Y i ∈ CM + (R) with ν(Y i ) = 2. This, in turn, contradicts the assumption that R has finite CM + -representation type.
Now the purpose of this subsection is readily accomplished:
Proof of Theorem 6.12. The theorem is an immediate consequence of Lemma 6.17 and what we state just after the theorem.
On the higher-dimensional case
In this final section, we explore the higher-dimensional case, that is, we consider Cohen-Macaulay local rings R with dim R ≥ 2 and having finite CM + -representation type. First of all, we state the conjecture claiming that the same statement as Theorem 6.1 holds true even in the higher-dimensional case.
Conjecture 7.1. Let R be a complete local Gorenstein ring of dimension d not having an isolated singularity. Then the following two conditions are equivalent.
(1) The ring R has finite CM + -representation type. (2) There exist a complete regular local ring S and a regular system of parameters x 0 , . . . , x d such that R is isomorphic to
). Assume that this conjecture holds true. Then, clearly, Question 3.6 is affirmative. Moreover, under the assumption that R is complete and Gorenstein, Question 3.8 is affirmative as well by [8, Theorem B] and Theorem 3.2.
Suppose that R has uncountable algebraically closed coefficient field of characteristic not two. Then the implication (2) ⇒ (1) holds true by [1, Theorem 1.1], and moreover, (2) implies that R has countable CM-representation type by [17, Proof of (iii)⇒(i) of Theorem 14.16] (the assumption that k is uncountable is not used in this reference). In this section, we give various results supporting the above conjecture, more precisely, the implication (1) ⇒ (2).
We begin with presenting an example by using a result obtained in Section 4.
Example 7.2. Let S be a regular local ring with a regular system of parameters x, y, z. Then R = S/(xyz) has infinite CM + -representation type.
Proof. Let I = (xy) be an ideal of R. Then (0 : I) = (z) in R, and ht(I + (0 : I)) = ht(xy, z) = 1 < 2 = dim R. The ring R/I = S/(xy) is a 2-dimensional hypersurface which does not have an isolated singularity. We see by [12, Corollary 2] that R/I has infinite CM-representation type. It follows from Theorem 5.5(3a) that R has infinite CM + -representation type.
We consider constructing from a given hypersurface of infinite CM + -representation type another hypersurface of infinite CM + -representation type. For this we establish the following lemma, which provides a version of Knörrer's periodicity theorem for CM + (R). Lemma 7.3. Let (S, n) be a regular local ring, and let f, g ∈ S. Let R = S/(f ) and R = S[[x]]/(f + x 2 g) be hypersurfaces with x an indeterminate over S. Then the following statements hold.
(1) There is an additive functor 
Proof. (1) It holds that
, which implies that M p is R p -free, a contradiction. Therefore N q is not (R ) q -free, and we obtain N ∈ CM + (R ). Thus Φ induces an additive functor from CM + (R) to CM + (R ). A −xE xgE B
. Suppose that N is decomposable. Then N ∼ = X ⊕ Y for some nonzero modules X, Y ∈ CM(R ). It holds that
Since R is Gorenstein, not only M but also Ω R M is indecomposable; see [24, Lemma 8.17 ]. Nakayama's lemma guarantees that X/xX and Y /xY are nonzero, and both X and Y have to be indecomposable. We may assume that M ∼ = X/xX and Ω R M ∼ = Y /xY . Take a nonmaximal prime ideal p of S such that
] as in the proof of (1).
We easily see that the R p -module (Ω R M ) p is not free. Now it follows that neither X q nor Y q is free over (R ) q , which shows that X, Y ∈ CM + (R ).
Infinite CM + -representation type ascends from R to R .
Proposition 7.4. Let (S, n) be a regular local ring and f, g ∈ S. Let R = S/(f ) and R = S[[x]]/(f +x 2 g) be hypersurfaces with x an indeterminate. If R has infinite CM + -representation type, then so does R .
Proof. Pick any M 1 ∈ ind CM + (R). The set ind CM + (R) \ {M 1 , ΩM 1 } is infinite, and we pick any M 2 in this set. The set ind CM + (R) \ {M 1 , ΩM 1 , M 2 , ΩM 2 } is infinite, and we pick any M 3 in it. Iterating this procedure, we obtain modules M 1 , M 2 , M 3 , . . . in ind CM + (R) such that M i M j and M i ∼ = ΩM j for all i = j. We put N i = ΦM i for each i, where Φ is the functor defined in Lemma 7.3. Then by the lemma
Assume N i ∼ = N j for some i = j. Then, as we saw in the proof of the lemma, there are isomorphisms
This contradicts the choice of these modules. Hence we have N i N j for all i = j.
Suppose that there are only a finite number, say n, of indecomposable modules in CM + (R). Then it is seen that the set {N 1 , N 2 , N 3 , . . . }/∼ = has cardinality at most n + n+1 2 , which is a contradiction. We now conclude that R has infinite CM + -representation type, and the proof of the proposition is completed.
Here is an application of Proposition 7.4. Corollary 7.5. Let R be a 2-dimensional complete local hypersurface with algebraically closed residue field k of characteristic 0 and not having an isolated singularity. Suppose that R has multiplicity at most 2. If R has finite CM + -representation type, then R ∼ = k[[x, y, z]]/(f ) with f = x 2 + y 2 or f = x 2 + y 2 z, and hence R has countable CM-representation type.
Proof. If e(R) = 1, then R is regular, which contradicts the assumption that R does not have an isolated singularity. Hence e(R) = 2, and the combination of Cohen's structure theorem and the Weierstrass preparation theorem shows Example 7.6. Let S be a regular local ring with a regular system of parameters x, y, z. Let
be an irreducible element of S with n ≥ 4 and a, b ∈ S. Then the hypersurface R = S/(f ) has infinite CM + -representation type.
Proof. Putting g = x 2 a + yb, we have f = x n + yg. For each integer i ≥ 0 we define a pair of matrices
, which gives a matrix factorization of x n over S and S/(y).
Define another pair of matrices
and B i = Bi yE −gE Ai . These form a matrix factorization of f over S, and hence M i := Cok S (A i ) is a maximal Cohen-Macaulay R-module. There are equalities
of ideals of S, where we use n ≥ 4.
Suppose that M i ∼ = M j for some i < j. Then (x 2 , xz i , y)S = (x 2 , xz j , y)S and (x 2 , xz i )S = (x 2 , xz j )S, where S := S/(y) is a regular local ring having the regular system of parameters x, z. Hence z i ∈ (x, z j )S and z i ∈ z j S where S := S/xS is a discrete valuation ring with z a uniformizer. This gives a contradiction, and we see that M i M j for all i = j.
Let p = (x, y)S ∈ Spec S, and fix an integer i ≥ 0. Note that all the entries of A i , B i are in p since n ≥ 4. It follows from [24, Remark 7.5 ] that the R p -module (M i ) p does not have a nonzero free summand. Since f is assumed to be irreducible, R is an integral domain. Hence each nonzero direct summand X of the maximal Cohen-Macaulay R-module M i has positive rank, and hence has full support. Therefore X p = 0, and thus all the indecomposable direct summands of M i belong to ind CM + (R). Since all the M i are generated by four elements, it is observed that ind CM + (R) is an infinite set.
To prove our next result, we prepare a lemma on unique factorization domains.
Lemma 7.7. Let R be a Cohen-Macaulay factorial local ring with dim R ≥ 3. Let I be an ideal of R generated by two elements. Then depth R/I > 0.
Proof. We write I = (x, y)R and put g = gcd{x, y}. Then x = gx and y = gy for some x , y ∈ R, and we set I = (x , y )R. There is an exact sequence 0 → R/I g − → R/I → R/gR → 0 of R-modules. As R is Cohen-Macaulay, we have depth R ≥ 3 and ht I = grade I . Since R is a domain and g = 0, we have depth R/gR = depth R − 1 ≥ 2. If ht I = 1, then I is contained in a principal prime ideal, which contradicts the fact that x , y are coprime. Hence ht I = 2, and the sequence x , y is R-regular. It follows that depth R/I = depth R − 2 ≥ 1, and the depth lemma implies depth R/I ≥ 1. Now we can prove the following theorem, which provides the shape of a hypersurface of infinite CM + -representation type.
Theorem 7.8. Let (S, n) be a regular local ring and x, y ∈ n. Suppose that the ideal (x, y) of S is neither prime nor n-primary. Then R = S/(xy) has infinite CM + -representation type.
Proof. Lemma 7.7 guarantees that there exists an S/(x, y)-regular element a ∈ n. Take a minimal prime p of (x, y). Since (x, y) is not prime, we can choose an element b ∈ p \ (x, y). Set z n = a n b for each n. The matrices A n = x zn 0 −y and B n = y zn 0 −x with n ≥ 1 form a matrix factorization of xy over S, and M n = Cok S A n is a maximal Cohen-Macaulay R-module. Put I n := I 1 (A n ) = (x, y, z n ) ⊆ S. Since the I n are pairwise distinct, the M n are pairwise nonisomorphic. If M n is decomposable, it decomposes into two cyclic R-modules, while Lemma 6.4 says that there are only finitely many such cyclic modules up to isomorphism. Thus we find infinitely many n such that M n is indecomposable. Since (x, y, z n ) is contained in p, each (M n ) p has no nonzero free summand by [24, (7.5.1) ]. In particular, we have M n ∈ CM + (R). Now it is seen that R has infinite CM + -representation type.
Applying the above theorem, we can obtain a couple of restrictions for a hypersurface of dimension at least 2 which is not an integral domain but has finite CM + -representation type.
Corollary 7.9. Let R be a complete local hypersurface of dimension d ≥ 2 which is not a domain. Suppose that R has finite CM + -representation type. Then one has d = 2, and there exist a complete regular local ring S of dimension 3 and elements x, y ∈ S satisfying the following conditions.
(1) R is isomorphic to S/(xy). Proof. Corollary 4.3(1) says that R satisfies Serre's condition (R d−2 ). Suppose d ≥ 3. Then R satisfies (R 1 ), and hence it is normal. In particular, R is a domain, contrary to our assumption. Therefore, we have to have d = 2. Cohen's structure theorem yields R ∼ = S/f S for some 3-dimensional complete regular local ring (S, n) and f ∈ n \ n 2 . As R is not a domain, there are elements x, y ∈ S with f = xy. Since dim S = 3, the ideal (x, y)S is not n-primary. Hence dim S/(x, y)S = 1, and S/(x, y)S is a domain by Theorem 7.8. We have dim R = dim R/xR = 2, (0 : R x) = yR and ht(xR + (0 : R x)) < 2. It follows from Theorem 5.5(3a) that S/xS has finite CM-representation type, and similarly so does S/yS. Proposition 7.4 gives an ascent property of infinite CM + -representation type. Now we presents a descent property of infinite CM + -representation type. (a) The induced embedding R/p → S is birational.
(b) There exists q ∈ V(p) \ {m} such that R q is not a direct summand of S q . If S has infinite CM-representation type, then R has infinite CM + -representation type.
Proof. We prove the theorem by establishing several claims. Claim 1. Let X = 0 be an R-submodule of a maximal Cohen-Macaulay S-module M . Then X q = 0.
Proof of Claim. Assume X q = 0. Then there exists an element s ∈ ann R X such that s / ∈ q. As p ⊆ q, we have s / ∈ p, which means φ(s) = 0. Choose a nonzero element x ∈ X. Since s annihilates X, we have 0 = s · x = φ(s)x in M . This contradicts the fact that M is torsion-free over the domain S.
Claim 2. Let M ∈ CM 0 (S). Let X be an indecomposable R-module which is a direct summand of M . Then X ∈ ind CM + (R).
Proof of Claim. As depth R M = depth S M ≥ d, we have M ∈ CM(R) and hence X ∈ ind CM(R). To show the claim, it suffices to verify that X q is not R q -free.
Take an exact sequence σ : 0 → Ω S M → S ⊕n → M q → 0. Since M belongs to CM 0 (S), the S-module E := Ext 1 S (M, Ω S M ) has finite length. The induced field extension k → l is finite because so is the homomorphism φ, and hence E also has finite length as an R-module. As q is a nonmaximal prime ideal of R, we have 0 = E q = Ext as an S q -module. (Note that S q is not necessarily a local ring.) The S q -module X q is a direct summand of M q , which is nonzero by Claim 2.
Suppose that X q is R q -free. Then R q is a direct summand of S ⊕n q in mod R q . As R q is a local ring, we can apply Lemma 4.5(1) to deduce that R q is a direct summand of S q . This contradicts the assumption of the theorem, and thus X q is not R q -free. Proof of Claim. Take M ∈ ind CM 0 (S). Lemma 6.2 implies that M is indecomposable as an R/p-module, and it is indecomposable as an R-module. Taking X := M in Claim 2, we have M ∈ ind CM + (R).
It follows from Lemma 5.4 that S has infinite CM 0 -representation type. Claim 3 implies that R has infinite CM + -representation type, and the proof of the theorem is completed.
We obtain an application of the above theorem, which gives an answer to Question 3.6. For a ring R we denote by R the integral closure of R. Recall that a typical example of a henselian Nagata ring is a complete local ring.
Corollary 7.11. Let R be a 2-dimensional henselian Nagata Cohen-Macaulay non-normal local ring. Suppose that R has finite CM + -representation type. Then the following statements hold.
(1) There exists a minimal prime p of R such that the integral closure R/p has finite CM-representation type. In particular, if R is a domain, then R has finite CM-representation type. (2) If R is Gorenstein, then R is a hypersurface.
Proof. By Corollary 4.3(1) the singular locus of R has dimension at most one, so that R satisfies Serre's condition (R 0 ). As R is Cohen-Macaulay, it is reduced. Let S = R be the integral closure of R. We have a decomposition S = R/p 1 ⊕ · · · ⊕ R/p n as R-modules, where Min R = {p 1 , . . . , p n } (see [14, Corollary 2.1.13]). Since R is Nagata, the extension R ⊆ S is finite. The ring S is normal and has dimension two, so it is Cohen-Macaulay.
We claim that if p is a nonmaximal prime ideal of R such that S p is R p -free, then R p is a regular local ring. In fact, if ht p = 0, then R p is a field. Let ht p = 1. The induced map Spec S → Spec R is surjective, and we find a prime ideal P of S such that P ∩ R = p. We easily see ht P = 1. As S is normal, S P is regular. The induced map R p → S P factors as R p a − → S p b − → S P , where a is a finite free extension, and b is flat since S P = (S p ) P Sp . Hence R p → S P is a flat local homomorphism. As S P is regular, so is R p .
Since R does not have an isolated singularity, there exists a nonmaximal prime ideal p of R such that R p is not regular. The claim implies that S p is not R p -free, whence S ∈ CM + (R). There exists an integer 1 ≤ l ≤ n such that T := R/p l belongs to CM + (R).
Put p := p l ∈ Min R. The ring R/p is also Nagata, and the extension R/p ⊆ T is finite and birational. The ring T is a 2-dimensional henselian normal local domain, whence it is a Cohen-Macaulay. Choose a nonmaximal prime ideal q of R such that T q is not R q -free. If p is not contained in q, then (R/p) q = κ(p) q = 0 and T q = 0, which particularly says that T q is R q -free, a contradiction. Hence p ⊆ q.
Suppose that R q is a direct summand of T q . Then there is an isomorphism T q ∼ = R q ⊕X of R q -modules. Since T q is annihilated by p, so is R q . We have ring extensions R q = (R/p) q ⊆ T q ⊆ κ(p), which especially says that R q is a domain and that T q has rank one as an R q -module. Hence the R q -module X has rank zero, and it is easy to see that X = 0. We get T q ∼ = R q , which contradicts the choice of q. Consequently, T q does not have a direct summand isomorphic to R q . Now, application of Theorem 7.10 proves the assertion (1). To show (2), we consider the T -module U = Ω 2 T (T /mT ). Fix any nonzero direct summand X of U in mod R. Note that T = R/p is a torsion-free module over R/p. Since U is a submodule of a nonzero free T -module, U is also torsion-free over R/p, and so is X. We easily see from this that X q = 0. The module X q is a direct summand of U q ∼ = T ⊕ edim R−1 q . As R q is not a direct summand of T q , it is not a direct summand of X q . In particular, X belongs to CM + (R). Thus, all the indecomposable direct summands of U in mod R belong to ind CM + (R), and it follows from Lemma 5.7 that they have complexity at most one. Hence U has complexity at most one over R, and so does T /mT . We obtain cx R k ≤ 1, and R is a hypersurface by [4, Theorem 8.1.2].
The above result yields a strong restriction for finite CM + -representation type in dimension two.
Corollary 7.12. Let R be a 2-dimensional non-normal Gorenstein complete local ring. If R has finite CM + -representation type, then the integral closure R has finite CM-representation type.
